ABSTRACT
INTRODUCTION
In an attempt to significantly increase the energy storage density for fluid power, a novel "open accumulator" concept was recently proposed [1] which has an order of magnitude increase in fluid power energy storage density over existing closed accumulators (which contain a fixed amount of gas) at the same pressure. A key element of the concept is that air is compressed and expanded between the atmosphere and high pressure storage. The increased energy density is achieved by the increased pressure ratio (350 versus 2 or 3 at 35 MPa) and by needing to only contain the compressed air rather than the expanded air volume and the displaced oil. Because of the increased energy density, compressed air is also being considered as a clean power source for vehicles [2, 3] as well as for energy storage for large power plant during off-peak periods ( [4] ).
A simplified system that stores energy using compressed air consisting of a single-stage air motor/compressor coupled to a reservoir, is shown in Fig.(1) . The open accumulator system differs from Fig. (1) in that it has some augmentations to enable constant pressure operation and to accommodate hydraulic loads, loads that may be transiently high. For these applications, the power capability and efficiency of the air motor/compressor used for energy extraction or addition are critical. Power can be increased by increasing the operating frequency, but such as change is generally accompanied by a decrease in efficiency. This trade-off is a function of the heat transfer capability within the motor/compressor. Thus, improving heat transfer is key to increasing power capability while maintaining efficiency. Yet, how heat transfer exactly affects this trade-off is not exactly known. In this paper, the effect of heat transfer on air motor/compressor power and efficiency is determined. Specifically, for a given heat transfer capability and environmental temperature, the optimal compression and expansion volume trajectories-such as to optimize efficiency for a given power, or to optimize the power for a given efficiency-are determined.
Some authors do not consider heat transfer as important at relatively small compression ratios (like ∼ 4.5 in [5] ) and [6] . For high pressure ratios, such as for high density energy storage, heat transfer becomes important ( > 14 in [7] ; see also simple analysis in [5] ). There has been research into modeling heat transfer in air compressors ( [5] contains a good summary), but the formulations are not simple to use.
Work in [8] focuses on minimizing work in a multi-stage compressor with "polytropic" stages by varying the stage compression ratios. The authors of [9, 10] seek to maximize efficiency or work (negative work defined as into the compressor) by changing air motor or compressor geometry, assuming adiabatic operating conditions. Similar to the present work, [11, 12] consider maximizing average output power (or minimize input power) by changing the chamber volume trajectory. However, [11] does not take heat transfer into account but focuses on valve operation. The author in [12] does include heat transfer as well as losses in the modeling of an Otto cycle, but the complexity of the model requires that it be solved numerically rather than analytically. In this paper, a lumped ideal gas model is assumed and heat transfer is modeled by a heat transfer coefficient. This allows the optimal control problem to be solved analytically and the trade-off between efficiency and power to be easily evaluated.
The rest of the paper is organized as follows. System model and key definitions are presented in section 2. The optimal compression and expansion volume trajectories results and implications are presented in Section 3. Section 4 applies the results for an energy storage and regeneration system design example. Modifications of the optimal compression and expansion volume trajectories are examined in section 5. Section 6 contains concluding remarks.
SYSTEM DESCRIPTION AND MODEL
In the subsequent analysis, the motor/compressor is assumed to consist of one stage with a constant area A over which heat transfer occurs. To store energy, air, which is assumed to be an ideal gas, is compressed from an ambient pressure of P 0 and an ambient temperature of T 0 to a pressure of rP 0 and a temperature of T 0 + ∆T , where ∆T is a change in temperature. Af- ter isobaric cooling to T 0 in the air storage reservoir, energy is extracted by expanding the air back to P 0 and a temperature of T 0 − ∆T . A sample diagram of these processes is in Fig. (2) . The assumption that the air completely cools before the energy is extracted is conservative; however, it allows the expansion process to be independent of the compression process, and it at least partially makes up for non-conservative assumptions elsewhere in the model. The heat transfer coefficient h in expansion and compression is assumed to be constant, as in [13] (in [5] ). Total heat transfer during the expansion and compression processes depends on how the air is expanded or compressed.
There are multiple of ways of compressing and expanding air from one state to another. Each is determined by a path on the P-V diagram and the heat transfer characteristic. The actual time trajectory of the pressure and volume, ζ(t)=(P(t),V (t)), can be discovered from
where C v is the constant volume heat capacity of air, Q(T, T 0 ) is the heat transfer (rate) given mean air temperature T and a constant wall temperature of T 0 , n is the number of moles of air, P is pressure, V is volume, R is the ideal gas constant, n is moles of gas, and u is the "control variable." For simplicity, a linear heat transfer model is used:
For compression, it is desired that 1. the work input for one mole of air,
is minimized. In (3), t f 1 is the compression time such that P(t f 1 )=rP 0 . The last term in (3) is the isobaric flow work associated with cooling the air back to ambient which occurs in the gas storage reservoir. 2. the compression time (time it takes to compress to rP 0 ), t f 1 , is minimized. Notice that the time it takes for the isobaric compression is not included, since this takes place outside of the compression chamber.
Similarly, for motoring, it is desired that 1. the work output for one mole of compressed air given by (4) is maximized. Here the initial pressure P(t = 0)=rP 0 and t f 2 is the expansion time such that P(t f )=P 0 . 2. the expansion time (time it takes to expand to P 0 ), t f 2 ,i s minimized.
A unit of compressed air in the open accumulator at pressure rP 0 and T 0 has the same internal energy as the same amount of air at P 0 and T 0 . Thus, strictly speaking, energy has not been stored. However, the compressed air has the potential to do work. We define the amount of energy stored as the maximum work available by expanding the compressed air to P 0 . With an environment temperature of T 0 , it can be shown that the maximum work per mole of compressed gas at (rP 0 , T 0 ) is obtained via isothermal expansion and is given by
The compressor efficiency for a compression trajectory ζ c (·), the motoring efficiency for an expansion trajectory ζ e (·), and the overall regenerative efficiency are, respectively,
Thus, efficiencies will be improved by minimizing W in and maximizing W out . For compression, since storing E amount of energy requires a time of t f 1 , the energy storage power is given by
The motoring power is defined as
Strictly speaking, some time is needed for the filling phase as well. However, since filling time is not limited by heat transfer, the topic of investigation right now, it can, theoretically, be made as quick as possible if the orifice through which the gas flows is made sufficiently large.
OPTIMAL COMPRESSION OR EXPANSION TRA-JECTORIES
Different compression/expansion trajectories lead to different works and cycle times. There is a trade-off between W in and t f 1 and between W out and t f 2 . The ratio between W out and W in is the regenerative efficiency; whereas t f 1 and t f 2 are inversely related to power. Fixing efficiency fixes work done per cycle; then, minimizing the compression or expansion times t f 1 and t f 2 maximizes power. Thus, there is a trade-off between efficiency and power density. The key to the model will be to determine the state trajectories that yield the Pareto optimal trade-off between power and efficiency. 
(Expansion) Let rP 0 , with r > 1, be the initial pressure, T 0 be the initial and ambient temperature, and P 0 be the environment and final pressure. The expansion trajectory ζ * e (∆T ≥ 0) consisting of an instantaneous adiabatic expansion from (P, T )=(rP 0 , T 0 ), followed by an isothermal expansion at Thus, the frontiers for the optimal trade-off between compression/expansion efficiencies and energy storage/motoring power is generated by ζ * c (∆T ) or ζ * e (∆T ) with different ∆T ≥ 0. 1. Any arbitrary curve can be uniformly approximated by a series of isothermal-adiabatic-isothermal steps. 2. A cartoon of an adiabatic-isothermal-adiabatic trajectorythat is, a trajectory made up of three pieces: an adiabatic section followed by an isothermal section followed by an adiabatic section-is shown in Fig. (3) as A-E-F-D (ζ * ); a cartoon of an isothermal-adiabatic-isothermal trajectory is shown in Fig. (3) as A-B-C-D (ζ). For a prescribed work level, it can be shown that there is an adiabatic-isothermaladiabatic trajectory that takes less time than an isothermaladiabatic-isothermal trajectory with the same endpoints. To show this, let
Sketch of the proof:
be the total isothermal compression ratio, and let q be such that 3. Successively replacing each isothermal-adiabaticisothermal step with an adiabatic-isothermal-adiabatic step results in a trajectory with the same end points and work done as the initial, arbitrary trajectory, but successively less time is needed for the adiabatic-isothermal-adiabatic curves. Hence any trajectory can be completed with the same work but less time using a trajectory consisting of adiabatic-isothermal-adiabatic steps. Thus, we need only consider adiabatic-isothermal-adiabatic trajectories as candidates for Pareto optimal trajectories. 4. Index the ζ * curve so that 0-1 is first adiabatic curve; 1-2, the isothermal curve; and 2-3, the adiabatic curve. To find the optimal ζ * between an initial state and final pressure, minimize work input such that the work and heat transfer done during the isothermal curve 1-2 balance. For compression, work in Eq. (3) may be written as
and cycle time may be written as
Thus, for compression, the optimization problem may be written as min
where t f is a constant. Please see the appendix for expansion work and time. Using the standard Lagrange multiplier method, the works in Eq. (3) and (4) can be optimized to find that each adiabatic-isothermal-adiabatic trajectory can be fully defined by the ambient temperature, T 0 , and the temperature at the end of the last adiabatic step, T 0 ± ∆T (i.e., T 3 ). The optimal isothermal temperatures are T 0 (T 0 ± ∆T )-where the "plus" corresponds to compression and "minus," expansion.
Thus, an adiabatic-isothermal-curve can be shown to be optimal.
Q.E.D.
The Pareto optimal W in , W out , t f 1 , and t f 2 as functions of ∆T are given in the proof above and in the Appendix and are plotted in Figs. (4-5) for the case of r = 350 and T 0 =300 K. Notice that both optimal power and optimal efficiency decrease as functions of final temperature deviation from the environment temperature. The Pareto optimum relationship between power and efficiency for compression and expansion for r=350 and T 0 =300 K are shown in Figs. (6) and (7). Comparisons with the tradeoffs using sinusoidal and linear profiles are also shown. Power is scaled by heat transfer parameters so the plot applies for any geometry and heat transfer coefficient. Efficiency decreases with power which is consistent with the simulations in [1] in which a decrease in efficiency is observed when the heat transfer coefficient h is decreased, but, in this paper, efficiency decreases as the time allowed for the compression or expansion decreases. In either case, heat transfer is less at higher powers and lower efficiencies. For compression and at an efficiency of 80%, the average power absorbed during compression of a gas using an optimal volume trajectory is 2 times the average power absorbed during compression of a gas using a sinusoidal volume trajectory, and using the optimal volume trajectory can increase power absorption 5 times compared to a linear volume trajectory. For different powers or efficiencies the shape of the optimal volume trajectory changes, as shown on the V-t plane in Fig.  (8) . Common non-optimal trajectories, such as linear and sinusoidal profiles, do scale as power or efficiency change. A gas 
SON. TIME IN THE PLOT IS SCALED BY THE TOTAL TIME FOR COM-PRESSION. FOR DIFFERENT POWERS AND EFFICIENCIES, THE
SHAPE OF THE OPTIMAL CURVE CHANGES; I.E., THE CURVES DO NOT SCALE WITH TIME. motor/compressor should, then, have a way to change compression and expansion trajectories if it is to absorb or regenerate power at a variety of levels optimally-something not possible with typical "crank-slider" type designs. A "liquid piston" type design-described in [1] , [14] , and [15] -is one way to accomplish the trajectory changes.
APPLICATION
For a design example, imagine using compressed air energy storage system where compression ratio, energy storage efficiency, power, energy storage capacity, and compression chamber geometry are specified, and the design objective is to find the volume of the system for particular heat transfer coefficient h.
If an 80% efficiency is desired, then an optimum trajectory corresponding to ∆T =137 K should be used, as can be seen from Fig. (5) . If the compressor should have a storage power of 15 kW, dQ/dT = hA must be 274 W/K. For a heat transfer coefficient h of 100 W/(m 2 K), the area over which heat transfer occures A should be 2.74 m 2 . Assume that the geometry of the compression chamber is hemispherical because it is constructed using a diaphragm, that heat transfer occurs through an area equal to the minimum diaphragm area, and that the chamber's aspect ratio (radius to height) is unity so that the relationship between the chamber's maximum volume and heat transfer area is V = 0.0563A 3/2 . The volume of the compressor is then 255 L. If the desired energy storage capacity is 800 kJ, then it can be determined from Eq. (5) energy storage and regeneration system is 260. L, which may be too big to be practical, depending on the application.
To reduce system volume, the heat transfer coefficient or geometry could be modified, for instance, by inducing a higher level of turbulence in the compressor or by changing the expansion/compression chamber aspect ratio, respectively. Say that the approach of increasing the heat transfer coefficient is taken and that the compressor volume should be less than 12 L; a heat transfer coefficient of 809 W/(m 2 K) is required, as shown in Fig.  (9) . Since such a high heat transfer coefficient is unusual for air, trying to increase the heat transfer coefficient alone would probably not be enough to decrease volume; geometry changes would also need to be considered. For example, the surface area increase associated with the use of multiple small liquid pistons, as described in [15] , could sufficiently decrease compressor volume.
It should be noted that coming up with a heat transfer coefficient to use in the model is generally not trivial. However, a heat transfer coefficient may be chosen from a range of typical heat transfer coefficients for convection in air. Doing calculations with a low and a high value will bound design parameters.
DISCUSSION
In the previous work, it is assumed that the adiabatic portion of the compression/expansion process can take place in zero time. This is true in the sense that this portion is not heat transfer limited. In real situations, there are physical limitations to the compression and expansion rate. This situation is now considered.
To find the non-zero time associated with each adiabatic section, assume that the gas is expanded or compressed at a constant rate, so that, for compression
(Recall that indices 0 to 1 and 2 to 3 correspond to the adiabatic sections of the adiabatic-isothermal-adiabatic optimal trajectory.) Define p as the ratio of the rate of change of volume during the adiabatic sections to the rate of change of volume during the isothermal sections:
whereV iso is the time rate change of volume during the isothermal section. In parallel to Eq. (9), power for a case where adiabatic sections take nonzero time can be written as
where t iso = t f 1 for compression. Eq. (13) implies an assumption that it is possible to have an adiabatic process in compression or expansion that takes finite time. The effect of the p factor on the efficiency-power relationship is shown in Fig. (10) . The change in power for the zero-time adiabatic case versus the non-zero-time adiabatic case is due to the extra time needed for the non-zero-time case. As p increases, total time (t adi + t iso ) decreases and power capability increases for any particular efficiency, with the largest difference being for high powers.
With non-zero time for the adiabatic sections and restrictions on the maximum time rate of change of volume, the relationship between power and efficiency is shown in Fig. (11) with r = 350, T 0 = 300 K, and p = 4 along with results for sinusoid and linear simulations. As expected, the power with a finite adiabatic portion is lower than the unlimited case. However, the difference is small for high efficiency operation. The curve is conservative because efficiencies would actually be higher, a phenomenon caused by the fact that heat transfer would actually occur during the parts of the trajectory that should be adiabatic.
At 80% efficiency, the scaled power for the case with restricted time rate change of volume is 12.9% less than the scaled power for the unrestricted (ideal) case. The product hA would need to increase 14.8% to meet the requirements for the energy storage application described in the previous section.
A fast change in the volume trajectory, even if not instantaneous, at high pressure may not be possible. If the high-pressure adiabatic phase is not possible, then it may be skipped without completely losing the power advantage over using sinusoid or linear volume trajectories, as can be seen in Fig. (11) ; in compression, using an adiabatic-isothermal trajectory allows absorption of 33.5% less power than using the adiabatic-isothermal-adiabatic trajectory at 80% efficiency, but the adiabatic-isothermal trajectory has a 50% and 230% power advantage over using sinusoid and linear trajectories, respectively
